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Abstract
The investigation of chaotic motion and cooperative systems presents a great
opportunity to involve modern physics into the basic course of mechanics
taught to BSc-level students. In our previous paper (2014 Eur. J. Phys.
35 015018), it was demonstrated that a Zeeman machine can be a versatile
and motivating tool for students to gain introductory knowledge about chaotic
motion via interactive simulations. Although the Zeeman machine is known
mainly for its quasi-static and catastrophic behaviour, its dynamic properties
are also very interesting and show typical chaotic features. In this paper,
we present a novel construction consisting of Zeeman machines linked into
a network. Although Zeeman networks can be built with almost arbitrary
topology, our discussion is restricted to a system where Zeeman machines
are arranged in a two-dimensional periodical lattice and the angular variables
of the machines are limited to discrete values only. It will be shown that the
Zeeman-crystal is appropriate for studying the properties of a broad range
of complex systems. Using NetLogo simulations (second- and first-order)
phase transitions, its ferromagnetic- and anti-ferromagnetic-type behaviour
is demonstrated. A limiting case of the theoretical model of Zeeman-crystal
leads to a model that is analogous to the Potts clock model used frequently
in statistical physics. The present paper is organically linked to our website
(http://csodafizika.hu/zeeman) where downloadable simulations, which are
discussed in the paper, can be found.
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1. Introduction

The physics education of BSc-level students is based on classical physics (mechanics,
electricity and thermodynamics); therefore topics of modern physics can be discussed only
in a relatively short time. However, the modern physical aspects of the material are of great
importance in arousing the interest of the students and motivating them to learn physics. In a
previous paper [2] it was demonstrated that the Zeeman catastrophe machine can be a versatile
and motivating tool for students to gain an introductory knowledge about chaotic motion via
interactive simulations.

In this paper a novel construction of Zeeman machines arranged into a periodical lattice
structure is offered for teaching complex systems. Complex systems consist of many interacting
parts with the ability to generate a new quality of collaborate behaviour—the manifestations of
which are the spontaneous formation of distinctive temporal, spatial or functional structures [3].
Models of such systems can be successfully transformed to quite diverse real-life situations,
such as climate, biological cellular networks, the internet, the human brain, and so on [4].
By using a Zeeman-crystal, the behaviour of a broad class of these systems, which are very
important in statistical physics, can be described. In a limiting case, the main features of the
Zeeman-crystal model essentially agree with those of the Potts clock model [5]. However,
the model of the Zeeman-crystal elaborated in this paper is based on the laws of classical
mechanics, so it produces good analogies for aiding the understanding of the theoretical
background of quantum mechanical systems.

As it is well known, the Zeeman machine was originally prepared for the demonstration
of catastrophe phenomena resulting from quasi-static process. In our previous paper [2] the
equation of motion of a single Zeeman machine and of coupled ones were discussed in
a detailed manner. Using the results of these calculations, the equations of motion of the
Zeeman-crystal were written down and the crystal has been used for the illustration of phase
transition and ferromagnetic—as well as anti-ferromagnetic-type behaviour. However, the
almost infinite richness of the Zeeman type models is revealed when the Zeeman machines
are linked in various ways into a network.

NetLogo simulations of the motion help us to avoid too mathematical or abstract teaching,
and interactive programs support the exploratory activities of the students. Therefore we
strongly recommend that readers run the simulation programs available for download via the
Internet [1].

2. Zeeman networks and Zeeman-crystals

In our previous paper [2], the dynamics of coupled Zeeman machines was discussed. Figure 1
shows two coupled (frictionless) Zeeman machines, which form a conservative system with
four-dimensional phase space.

The equations of motion of the system are the following:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

d�1
dt = ω1

dω1
dt = (l1−l0 )

l1
a sin �1 + (l2−l0 )

l2
{(sin �2 cos �1 − sin �1 cos �2) − b sin �1}

d�2
dt = ω2

dω2
dt = (l2−l0 )

l2
{b sin �2 − (sin �2 cos �1 − sin �1 cos �2)}

+ (l3−l0 )

l3
{(b − x) sin �2 + y cos �2}

,

where the lengths are measured in the radius of the disc as a unit.
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Figure 1. The coupled Zeeman Machines model.

Figure 2. A Zeeman-network with the explanation of �i, j.

The idea of coupled Zeeman machines has led in a natural way to connecting Zeeman
machines into a network. Zeeman networks can be built with almost arbitrary topology. As an
example, in figure 2 a periodical lattice of Zeeman machines is shown.

Originally, two rubber strings were fixed in a circumferential point of the Zeeman
machine’s disc. As a plausible generalization, in the machines’ grid, all discs have four
symmetrically placed fixing points, which are linked by rubber strings. Figure 2 shows the
set-up of this network, where fixing points are denoted by big and small dots. Dots of the
same size are distinguished by their colour, one of them is black and the other is grey. Each
of these points is linked by a black and a grey rubber string. The rubber strings represent the
interaction between the machines, since each of them belongs to two machines.

In figure 2 the Zeeman machines constituting the network are arranged in rows and
columns. By numbering the rows and columns, each constituent can be identified with its row
and column indices (i;j). The ‘wiring’ (the placement of the rubber strings) can be varied in
many ways. The figure shows a relatively simple version of it. The instantaneous position of
each machine is characterized by the angle at the centre �i, j of the small black point, measured
from the positive x-axis (figure 2). In the basic state of the network each �i, j = 0.

Using continuous �i, j variables the motion of the Zeeman network can be described by
using the Dynamics Solver program [6], which is theoretically suitable for the treatment of
arbitrarily big crystals. The size of the system investigated is limited only by the capacity of
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the computer used. It would be worth studying the appearance of self-organization and space
patterns or the properties of wave propagation.

In present paper we have investigated the dynamics of systems where the angular
variables are limited to only discrete values. In the following, these systems will be called
Zeeman-crystals. In the examples which are presented in the following only the four values
�i, j ∈ {

0; 1
2π;π; 3

2π
}

are permitted.

3. Zeeman-crystals as a complex system

Complex systems in the broadest sense are those which are composed of many interacting
elements and their global behaviour differs highly from that of the elements which constitute
the system. These systems produce properties which cannot be derived directly from the
properties of the elements. In short, the whole is more than the sum of its parts. Complex
systems play very important role in the research of networks, cellular automates, general
nonlinear systems, game theory, and specifically in the investigation of critical phenomena.
For discussion of systems belonging to these fields, interdisciplinary methods are often used
[3]. It is a very exciting possibility to treat the Zeeman-crystal as a complex system. A broad
class of complex systems can be characterized with the following properties.

• The system contains uniform elements with a finite number of possible states.
• The number of elements is very large (in thermodynamic limit it tends to infinity).
• The elements are arranged in a specific topological, mostly lattice, structure.
• There is local (short range) interaction between the elements.
• An external field influencing all elements can affect the system globally.
• At the elemental level, random fluctuations can occur.

For example, the human brain, as the place of information processing and thinking, can
be regarded as a complex system:

• its elements are neurons;
• excitatory and inhibitory synaptic signals can be interpreted as ferromagnetic and anti-

ferromagnetic local interactions between the elements sensing coming from sense organs
are the global external effects;

• (thermal) fluctuations correspond to the fluctuations of the threshold potential.

The Zeeman-crystal exhibits the first four features, and the remaining two can be
heuristically included into it. The effect of the external field can be established by incorporating
a new H(�) term in the energy of the crystal, which is decreasing (increasing) if the interaction
between the external field and the elements is attracting (repelling). Fluctuations can be
embodied in the crystal by associating a probability to the change of the state of an element
by the formula:

w = w(�i, j → �∗
i, j) =

{
1, if �E � 0

e− �E
kBT , if �E > 0

where �E = �E(�i, j → �∗
i, j) is the change of the energy of the system due to the �i, j → �∗

i, j

state transition, where e− �E
kBT is the Boltzmann factor. (The energy change can be calculated

from the lengths of the rubber strings and the H(�) term enclosed heuristically, see in
appendix A.1) The transition probability is defined to follow the energy minimum principle. If
the energy decreases due to the transition between states, the transition will surely happen. If
the energy change is positive the transition can happen only with a certain probability defined
by the Boltzmann factor.
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4. Programming tools

The extended Zeeman-crystal model is a stochastic system, the behaviour of which can be
simulated relatively simply by using well-known algorithms. We have used a special Monte
Carlo method (Metropolis algorithm [7]) which can be programmed easily in a NetLogo
environment.

The use of these programs is didactically very important because they make it possible to
illustrate very deep laws of the statistical mechanics by using relatively simple tools. Therefore,
we again recommend that readers use the simulation programs presented on the Internet [1].
Furthermore, when reporting the results concerning the behaviour of the Zeeman-crystal, we
are going to refer to the programs used in detail and suggest the value of the parameters worth
applying.

4.1. The Metropolis algorithm

This Monte Carlo type algorithm in an elementary step changes the state of a randomly chosen
element of the crystal by a given w transition probability. The application of the algorithm
occurs in the following steps:

(step 0 (s0)). The initial state of the system is determined by adjusting the state �i, j of
each element. Customarily the initial state is homogeneous or a random one.
(step 1 (s1)). The momentary state �i, j of a randomly chosen (i;j) element must be
changed to another state �∗

i, j also chosen randomly from its permitted states, if any of the
following two conditions are fulfilled:

(i) energy change �E of the system belonging to the transition between states of the
element satisfies �E = �E(�i, j → �∗

i, j) < 0;

(ii) in case of �E � 0 only if the w = e− �E
kBT transition probability satisfies r < w, where

r is a uniformly distributed random number from the [0,1] interval.

(step 2 (s2)). Whether or not a transition was executed, step (s1) should be repeated.

It is called a Monte Carlo step if the number of elementary steps (s1) performed equals the
number of elements; consequently, on average every element took part once in the procedure.
It can be proved that the algorithm described above generates an ergodic Markovian process,
which converges to an equilibrium distribution. Therefore, after a sufficiently large number of
steps the system reaches its thermodynamic equilibrium.

The detailed calculation of the energy of the crystal (appendix A.1) shows that the two
parameters, which control the energy of the crystals globally, are the unstretched length l0 of
the rubber strings and the lattice constant d of the crystal. The transition probabilities depend
on the temperature T too.

4.2. The NetLogo simulation of the Zeeman-crystal

The simulation was programmed in a NetLogo environment, which can be downloaded from
the Internet [8]. NetLogo is an agent-based freely downloadable programming environment
developed for the simulation of complex systems [9]. (Agents of NetLogo can be identified
with the elements of the Zeeman-crystal.) Our simulation programs can be downloaded from
the Internet [1] in a ZIP file form. Simulation programs were also translated into java applets,
so they can be started from any browser either online from the Internet or offline on the users’
computer without a NetLogo environment (by clicking the Zeeman_crist_af.html file in the
NetLogo folder, two archive files with the jar extension and the Zeeman_crist_af.nlogo source

5



Eur. J. Phys. 35 (2014) 045010 P Nagy and P Tasnádi

Figure 3. Screenshot of the simulation program.

code files should be also in the same folder). In the simulations, periodic boundary conditions
were applied.

A screenshot of the program is shown in figure 3. Parameters (l0, d, T) can be altered
with the sliders. H_orientation and H_diagonal are parameters of the external field (they are
described in detail in subsection 5.2) and for the time being they are ignored, so their value is
zero (there is no external field). At the right-hand side of the screen, on a grid, a Zeeman network
containing 100 × 100 = 104 agents is represented. The four permitted �i, j ∈ {0; 1

2π;π; 3
2π}

states of the Zeeman discs are displayed with a colour code where the corresponding colours
are black, light blue, dark grey, and white, respectively (these hues are well separated from each
other on a black and white screen too). The corresponding initial conditions of the system are
generated by clicking the ‘setup-random’ and ‘setup homogeneous’ buttons. A simulation can
be started, stopped and continued by clicking the ‘go’ button. The slider above the displaying
field varies the speed of the simulation (it is advisable to draw it right, but not till the stop) and
the variable ‘ticks’ to the left of the slider display the number of elementary simulation steps
(s1) executed.

5. Simulations of the behaviour of the Zeeman-crystal

5.1. Development of domains and the order parameter

As the first step of the investigation, we choose l0 = 0, 2 and d = 2, and the temperature T
to be very high. Having started the simulation, a continuously changing diffuse pattern can
be observed. Reducing the temperature slowly (by moving the T sliders towards the left) a
kind of separation in space appears, domains are developing and at very low temperature the
system is freezes in a fragmented state. Domains consist of mosaic-like light blue and white
or black and dark grey areas.

Let us investigate the system at T = 0 and with a lattice constant d of about 1. We get
drastically different patterns if d is higher than 1 and if it is lower than 1. In the first case
the system freezes in the blue-white pattern, while in the latter the simulation results in a
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(a) (b) 

Figure 4. Screenshot with l0 = 0.1 and d = 0.4 (NMCStep = 103). (a) T = 3. (b) T = 5.

fragmented pattern. So the lattice parameter d can be considered as a control parameter with
a critical value of 1.

On the basis of the discussion given above it is plausible to introduce a new binary variable
which characterizes the orientation of the elements. It is +1 if the domain is black and dark
grey (� = 0 and � = π ) and −1 if the domain is light blue or white (� = 1

2π and � = 3
2π ).

This variable is called ‘orientation’ and can be formulated as:

orientation(�) = 1 − 2 ·
(

�

π/2
mod 2

)
. (1)

The space average of the orientation can be regarded as an order parameter which shows
the ratio of the areas of the two kinds of domains. At the left-hand side of the simulation field
of the screen the average of the orientation is displayed and in a graph it is plotted as a function
of time.

5.2. Phase transitions

An interesting task is to find the critical temperature (with d <1 and l0 <1) where the phase
transition occurs (the system changes from a fragmented structure to a diffuse one). As an
example, in figure 4 the results of two simulations are presented with parameters l0 = 0.1 and
d = 0.4 at different temperatures. It is well observable that at temperature T = 3 the state
of the system is ordered while at T = 5 the structure is diffuse; so the critical temperature
is between these two temperatures. (Our estimation is TC

∼= 4, a more accurate value of the
critical temperature can be found only by using a relatively tiresome trial and error method,
we mention that TC slightly depends on l0 and d.)

As it was mentioned, the effect of an external field can be built in the model with
an additional term H(�) in the energy which is decreasing (increasing) if the interaction
between the external field and the elements is attracting (repelling) (see appendix A.1). Let
this additional energy term be:

H1(�i, j) = −H orientation · orientation(�i, j). (2)

A further energy term can be also fitted into the model to facilitate the development of one
or the other colour (state) in the interior of the domains. Define a binary function ‘diagonal’,
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Figure 5. Another Zeeman-crystal.

the value of which is +1 if the state is � = 0 and � = 1
2π (black and light blue) and that

is −1 in case of � = π and � = 3
2π (dark grey and white):

diagonal(�) = 1 −
(

�
π/2 + orientation

)
· �

π/2

3
. (3)

Let the energy term be:

H2(�i, j) = −H diagonal · diagonal(�i, j), (4)

so it facilitates the development of states of diagonal = +1 (diagonal = −1) if it is positive
(negative). These energy terms provide an opportunity to make real experimental physics with
the simulations. By varying the parameters, a varied and unpredictable crowd of structures can
be discovered.

Further interesting patterns can be produced through a proper change of the wiring of the
crystal in figure 2. Let us investigate the wiring shown in figure 5, where in the ground state
the big and small black mounting points of the strings are horizontally connected to those with
the same size and colour of their neighbours, grey points are vertically connected similarly.

The NetLogo simulation program of the Zeeman-crystal shown in figure 5 can be found in
the folder named Zeeman_crist_f.nlogo. Simulations have revealed a phase transition similar
to the previous one.

The phase transition is worth investigating firstly without any external field. In the course
of the phase transition the symmetry of the equilibrium state of the system is changing. While
above the critical temperature the order parameter is (approximately) zero (symmetrical state);
below the critical temperature the order parameter is non-zero (asymmetrical state). It means
that below the critical temperature the symmetry of the equilibrium state does not agree with
that of the Hamiltonian. This is the so-called spontaneous symmetry breaking we discussed
earlier [2]. In the case of a phase having an asymmetric state, the calculation of the value
of the order parameter is a little bit intricate. Firstly, the symmetry of the Hamiltonian needs
to be broken by switching on an external field H and then the thermodynamic limit can be
determined. After this, the H → 0 limit should be carried out and then the value of the order
parameter corresponding the H = 0 case should be calculated.

8



Eur. J. Phys. 35 (2014) 045010 P Nagy and P Tasnádi

Table 1. Order parameter obtained from simulations carried out at temperatures below
and above the critical temperature.

T H0 1. 2. 3. 4. Mean of m Deviation of m

3.0 +3 0.5077 0.3011 0.3810 0.3687 0.3896 0.086199
−3 −0.5926 −0.2162 −0.3426 −0.4040 −0.3889 0.156728

3.4 +3 0.2867 0.2856 0.2409 0.3824 0.2989 0.059615
−3 −0.2554 −0.3263 −0.3322 −0.2992 −0.3033 0.035002

3.8 +3 0.1675 0.0911 0.1211 0.1338 0.1284 0.031636
−3 −0.1271 −0.1264 −0.1624 −0.0936 −0.1274 0.028098

4.2 ± 3 0.0164 −0.0146 −0.0119 0.0152 0.0013 0.016815
4.6 ± 3 0.0111 −0.0093 −0.0144 0.0132 0.0002 0.014038
5.0 ± 3 −0.0132 0.0060 0.0056 −0.0230 −0.0062 0.014368

Running the simulation program (l0 = 0.1 and d = 0.4) at various temperatures T, the
time-dependence of the order parameter m (now it is the average of the orientation) can be
determined. As it was discussed above, every run has to start with a non-zero external field
(H_orientation = ± 3), which is switched off after some Monte Carlo steps. Depending on the
temperature, three different types of time-dependence of the order parameter can be obtained
(figures 6(a)–(c))

In figure 6(a) the result obtained at temperature higher than the critical one is shown.
The asymmetric initial state of non-zero order parameter, which developed due to the external
field, rapidly relaxes to a symmetric equilibrium state with an order parameter of zero after
the external field was switched off. The order parameter fluctuates slightly around zero.

Figure 6(b) shows the result obtained at temperature which is near the critical one. It can
be seen that the relaxation time is much higher than it was in the previous case and although
the time average of the order parameter is about zero, both the value and duration of its
fluctuations are also higher. It illustrates one of the basic features of the critical phenomena:
the so called critical slowing down. It means that close to the critical temperature the responses
of the system to small perturbations are slowing down.

In figure 6(c) the behaviour of the system above the critical temperature is shown. In this
case the asymmetric initial state does not relax after the extrinsic field is switched off, but
freezes into an asymmetric equilibrium state with a finite value of order parameter.

For a systematic study of the phenomena, a series of simulations were carried out: at
three temperatures below (T = 3.0, T = 3.4 and T = 3.8) and above (T = 4.2, T = 4.6 and
T = 5.0) the critical temperature. At every temperature below the critical one, 4–4 runs have
been performed with initial external field H_orientation = +3, and H_orientation = −3, respectively.
At temperatures above the critical one, due to the rapid relaxation, only four simulations have
been executed. The results are summarized in table 1. The last two columns of table 1 show the
average of the order parameter obtained from the four runs belonging to the same temperature
and its standard deviation, respectively.

In figure 7 the averages of the order parameter are plotted (together with error bars) as
a function of temperature. The dashed line fitted to the ‘measured points’ is called the phase
line. It is at zero above TC and separates into two branches below TC, which join continuously
to the zero line at TC. This behaviour of the phase line indicates that with the lack of an external
field, a second-order phase transition occurred in the Zeeman-crystal.

Here we should return back to the hysteresis phenomenon discussed previously in [2]. It
can be shown easily that the Zeeman-crystal model produces this phenomenon. By using the
Zeeman_crist_f.html program, we have simulated the behaviour of the Zeeman-crystal shown
in figure 5.
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(a) 

(a) 

(b) 

(c) 

Figure 6. (a) The time-dependence of the order parameter at T = 4.6 (above of the
critical temperature) (NMCStep = 103). (b) The time-dependence of the order parameter
at T = 4 (near the critical temperature) (NMCStep = 104). (The time scale of the graph is
tenth of that in figures 6(a) and (c)). (c) The time-dependence of order parameter at T =
3.4 (below of the critical temperature) (NMCStep = 103).
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Figure 7. The m-T diagram of the (second-order) phase transition.

Set l0 = 0.01 and d = 0.02 (values of l0 = 0.1 and d = 0.2 are also suitable) as well as
temperature T = 2 and H_diagonal = 1 or H_diagonal = −1.

Set H_orientation = +1.5 and start the simulation from a random initial state. After
about NMCStep = 50 steps the system reaches an equilibrium position with order parameter
average orientation ∼= +1 (the colour of the display is homogeneously black).

Repeat the simulation starting it again from a random initial state of the system, but
with H_orientation = −1.5. Now after about NMCStep = 50 steps the system reaches an
equilibrium position with order parameter average orientation ∼= −1 (the colour of the display
is homogeneously light blue).

During the latter simulation move the slider ‘H_orientation’ slowly towards the right.
It can be experienced that while the value of the H_orientation is increasing from −2 to
almost +2 the system ‘sticks’ in the light blue coloured state with an order parameter of
average orientation ∼= −1. Reaching about H_orientation = +1.5, the system suddenly jumps
to a state of average orientation ∼= +1.

After the sudden jump, we move the slider back. Then, H_orientation gradually decreases
and the system conserves again its original state with average orientation ∼= +1 and the sudden
change to state of average orientation ∼= −1 happens only when about H_orientation = −1.5
occurs (see figure 8).

So the Zeeman-crystal shows a marked hysteresis phenomenon; that is, in the presence
of external field a first-order phase transition took place in it (see the Remark at the end of
appendix A.2).

5.3. Ferro- and anti-ferromagnetic-like behaviour

It is very strange that the behaviour of Zeeman-crystal becomes really interesting if d <1
and l0 <1. In these cases the discs of the single machines are overlapping each other and
the rubber strings are very short. This indicates that it is worth investigating the limit cases
d → 0 and l0 → 0.

11



Eur. J. Phys. 35 (2014) 045010 P Nagy and P Tasnádi

Figure 8. The hysteresis loop of (ferromagnetic) Zeeman-crystal.

            
(a) av. orient.=-0.259  (b) av. orient.=-0.056   (c) av. orient.=+0.758 

Figure 9. Patterns with l0 = 0.01 and d = 0.02, T = 0.2 (NMCStep = 104).

By performing some experiments, it can be revealed that the critical temperature of the
phase transition is between T = 3 and T = 5. At very low temperature, fragments constitute
periodic patterns, as shown in figure 9.

With the use of the potential energies describing the effect of the external fields, further
interesting and diverse patterns can be obtained which offer possibilities for various physical
interpretations. Figure 10 shows a pattern which can develop only in the presence of an external
field. In the regular domain structure, dislocations were frozen and their shape and extension
depend on the velocity of the cooling.

Carrying out the limit d → 0 and l0 → 0 in the Hamiltonian (details of the approximation
can be found in appendix A.3) we get:

lim
d→0,l0→0

HZ = −JZ

∑
(i, j)(i′, j′ )

cos(�i, j − �i′, j′ ), where JZ < 0. (5)

Formula (5) agrees with the Hamiltonian (A.7) in appendix A.2 of anti-ferromagnetic
(Potts) clock model (without chirality) with constant J < 0. It means that the Zeeman-crystal
model defined in figure 2 in a limiting case behaves in the same way as anti-ferromagnetic
materials.

As it is proved in appendix A.3, the limit of the Hamiltonian of the Zeeman-crystal
represented by figure 5 when d → 0 and l0 → 0 is:

12
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Figure 10. Simulation screen with l0 = 0.01 and d = 0.02, T = 0.2, H_orient = 1.05,
H_diag = −8 (NMCStep = 102).

Figure 11. The chiral Zeeman-crystal.

lim
d→0,l0→0

HZ = −JZ

∑
(i, j)(i′, j′ )

cos(�i, j − �i′, j′ ), where JZ > 0. (6)

Formula (6) is the same as Hamiltonian (A.7) of the ferromagnetic (Potts) clock model
(without chirality) with constant J > 0.

Models with different behaviour can be constructed by changing the wiring of the Zeeman-
crystal further. For example, figure 11 shows a crystal which has a potential of:

lim
d→0,l0→0

HZ = −JZ

∑
(i, j)(i′, j′ )

cos
(
�i, j − �i′, j′ + ∂(i, j)(i′, j′ )

π

2

)
, (7)

13
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where ∂(i, j)(i′, j′) = ±1 depending on the location of the neighbouring elements. The
investigation of various crystals deepens the analogy between the Zeeman-crystal and the
Potts (chiral) clock model.

6. Summary

A novel construction of Zeeman machines arranged into a two-dimensional crystal structure
is offered for teaching and investigating complex systems. Using NetLogo simulations it was
shown that by using the Zeeman-crystal model, basic ideas (control parameter, order parameter)
of statistical physics can be introduced and the Zeeman-crystal exhibits ferromagnetic- and
anti-ferromagnetic-type behaviour with a characteristic phase transition. Furthermore, with
appropriate energy terms it produces the hysteresis phenomenon. In spite of its simplicity, the
Zeeman crystal model might be a versatile simulation tool for teaching modern physics. One of
its most important advantages is that besides the relatively simple theoretical description, the
system can be investigated numerically by using simulations which can be programmed in a
free downloadable programming environment. The Zeeman-crystal can be further generalized
towards three-dimensional structures if the discs are substituted by spheres. The surprising
result that the Zeeman-crystal, as a limiting case, gives the Hamiltonian of the Potts (clock)
model, which offers the possibility of a new interpretation and theoretical foundation of Potts-
type models. This can be very stimulating to reveal deep analogies with the quasi-classic
interpretations of the spin.

Appendix

A.1. The Hamiltonian (energy) of the Zeeman-crystal

In the following, the Hamiltonian (energy) of the Zeeman-crystal is calculated. The elements
have four discrete states (�i, j) and are arranged in a square lattice. The Hamiltonian consists of
two parts: one is the consequence of the local interaction between neighbouring elements and
the other is due to the global interaction between the external field(s) and the elements. The
potential energy coming from the local interaction is a sum of the contributions originating
from the stretch of the rubber strings which connect two neighbouring elements (i, j) and
(i′, j′). This sum, scaled in the unit 1

2 kR2, is:

V(i, j) = ∑
(i′, j′ )

2∑
k=1

⎛
⎜⎜⎝

√√√√√√
(

cos
(
�i, j + (k)�

(i, j)
(i, j)(i′ , j′ )

)
− d · δ

(x)

(i, j)(i′, j′ ) − cos
(
�i′, j′ + (k)�

(i′, j′ )
(i, j)(i′ , j′ )

))2

+
(

sin
(
�i, j + (k)�

(i, j)
(i, j)(i′ , j′ )

)
− d · δ

(y)

(i, j)(i′, j′ ) − sin
(
�i′, j′ + (k)�

(i′, j′ )
(i, j)(i′ , j′ )

))2
− l0

⎞
⎟⎟⎠

2

.

(A.1)

It depends on two parameters, namely the lattice constant d, and the unstretched length
l0 of the strings. Index k = 1, 2 shows that each disc is connected to its neighbours with two
strings. Constants δ

(x)

(i, j)(i′, j′ ) and δ
(y)

(i, j)(i′, j′ ) give the translation of the (i′, j′) elements from the
position of the actual (i, j) element in x and y direction, respectively. For the grid shown in
figure 2 they are:

δ
(x)

(i, j)(i, j+1)
= +1 δ

(y)

(i, j)(i, j+1)
= 0

δ
(x)

(i, j)(i, j−1)
= −1 δ

(y)

(i, j)(i, j−1)
= 0

δ
(x)

(i, j)(i−1, j) = 0 δ
(y)

(i, j)(i−1, j) = +1

δ
(x)

(i, j)(i+1, j) = 0 δ
(y)

(i, j)(i+1, j) = −1

. (A.2)
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Figure A1. The explanation of angles and angular deviations.

Angular constants (k)�
(i, j)
(i, j)(i′, j′) , and (k)�

(i′, j′)
(i, j)(i′, j′) represent the angular deviation of mounting

points of strings from the angle �i, j of the actual element (i, j) and from the angle �i′, j′ of the
actual element (i′, j′), respectively (see figure A1).

Angular constants naturally depend on the wiring of the crystal. In the case shown in
figure 2 they are:

(1)�
(i, j)
(i, j)(i, j+1)

= 0 (1)�
(i, j+1)
(i, j)(i, j+1)

= π (2)�
(i, j)
(i, j)(i, j+1)

= π (2)�
(i, j+1)
(i, j)(i, j+1)

= 0

(1)�
(i, j)
(i, j)(i, j−1)

= 0 (1)�
(i, j−1)
(i, j)(i, j−1)

= π (2)�
(i, j)
(i, j)(i, j−1)

= π (2)�
(i, j−1)
(i, j)(i, j−1)

= 0

(1)�
(i, j)
(i, j)(i−1, j)

= π

2
(1)�

(i−1, j)
(i, j)(i−1, j)

= 3π

2
(2)�

(i, j)
(i, j)(i−1, j)

= 3π

2
(2)�

(i−1, j)
(i, j)(i−1, j)

= π

2

(1)�
(i, j)
(i, j)(i+1, j)

= π

2
(1)�

(i+1, j)
(i, j)(i+1, j) = 3π

2
(2)�

(i, j)
(i, j)(i+1, j)

= 3π

2
(2)�

(i+1, j)
(i, j)(i+1, j) = π

2

. (A.3)

The potential H(�i, j) of the global interaction can be built from energy terms, which
are decreasing (increasing) if the interaction between the external field and the elements are
attracting (repelling).

So the Hamiltonian of the Zeeman-crystal is:

HZ =
∑
(i, j)

{Vi, j + H(�i, j)}. (A.4)

In the lack of an external field the Hamiltonian is:

HZ = ∑
(i, j)(i′, j′ )

2∑
k=1

⎛
⎜⎝

√√√√√
(

cos
(
�i, j + (k)�

(i, j)
(i, j)(i′ , j′ )

)
− d · δ

(x)

(i, j)(i′, j′ ) − cos
(
�i′, j′ + (k)�

(i′, j′ )
(i, j)(i′ , j′ )

))2

+
(

sin
(
�i, j + (k)�

(i, j)
(i, j)(i′ , j′ )

)
− d · δ

(y)

(i, j)(i′, j′ ) − sin
(
�i′, j′ + (k)�

(i′, j′ )
(i, j)(i′ , j′ )

))2 − l0

⎞
⎟⎠

2

.

(A.5)

A.2. The Potts model

One of the most frequently used models in statistical physics is the Potts model, in which only
short-range interactions of the elements are taken into account [10]. The standard Potts model
can be applied with arbitrary topology and the Hamiltonian of the system, which is composed
of elements σi of q possible states, is:

HP = −J
∑
(i,i′ )

δ(σi, σi′ ) − H
∑

i

σi, (A.6)

where J is the interaction energy of the nearest neighbours and the sum is running over all
nearest neighbour pairs of the whole system and H is the interaction energy between elements
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and an external (for example magnetic) field. The function δ (Kronecker’s delta) is 1, if the
state of the neighbours is the same otherwise 0:

δ(σi, σi′ ) =
{

1, if i and i′ are neighbours and σi = σi′

0, otherwise
.

The original version of this standard Potts model was the ‘(chiral) clock model’ introduced
by Domb in which the state of the elements is given by unit vectors possessing discrete
orientation: 	i = 2π

q σi(σi = 0, 1, 2 . . . , q − 1).
The Hamiltonian of the system is defined by:

HC = −J
∑
(i,i′ )

cos(	i − 	i′ + −→
�·−→r i,i′ ), (A.7)

where J is a coupling constant characterizing the type of the interaction and
−→
� is the chirality

which breaks the symmetry of the model and makes the interaction of the neighbours an
asymmetric. In case of J > 0 (J < 0) the interaction is ferromagnetic (anti-ferromagnetic).

Remark. With a lack of external field, the q-state Potts model on periodic lattices of two
or higher dimensions the phase transition is second order, but it becomes first order when q
exceeds a critical value qC (for example, in the case of a two-dimensional periodic lattice the
phase transition is second order when q < qC = 5 and it is a first-order one when q � qC = 5).
Consequently, with a lack of external field, the Zeeman model should show a second-order
phase transition as a function of the control parameter T. However, in the case of a non-zero
external field this field can be regarded as a control parameter instead of the temperature and
then a first-order phase transition can be found. It appears in the form of a strong hysteresis in
the Ising model (d = 2 and q = 2) [11–13].

A.3. Limit of potentials at d → 0 and l0 → 0

Let us determine the limit of the Hamiltonian (A.5) of the Zeeman-crystals (without external
field) at d → 0 and l0 → 0

lim
d→0,l0→0

HZ =
∑

(i, j)(i′, j′ )

2∑
k=1

⎧⎪⎨
⎪⎩

(
cos

(
�i, j + (k)�

(i, j)
(i, j)(i′ , j′ )

)
− cos

(
�i′, j′ + (k)�

(i′, j′ )
(i, j)(i′ , j′ )

))2
+

+
(

sin
(
�i, j + (k)�

(i, j)
(i, j)(i′ , j′ )

)
− sin

(
�i′, j′ + (k)�

(i′, j′ )
(i, j)(i′ , j′ )

))2

⎫⎪⎬
⎪⎭

=
∑

(i, j)(i′, j′ )

2∑
k=1

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

cos2
(
�i, j + (k)�

(i, j)
(i, j)(i′ , j′ )

)
+ cos2

(
�i′, j′ + (k)�

(i′, j′ )
(i, j)(i′ , j′ )

)
−

−2 cos
(
�i, j + (k)�

(i, j)
(i, j)(i′ , j′ )

)
cos

(
�i′, j′ + (k)�

(i′, j′ )
(i, j)(i′ , j′ )

)
+

+ sin2
(
�i, j + (k)�

(i, j)
(i, j)(i′ , j′ )

)
+ sin2

(
�i′, j′ + (k)�

(i′, j′ )
(i, j)(i′ , j′ )

)
−

−2 sin
(
�i, j + (k)�

(i, j)
(i, j)(i′ , j′ )

)
sin

(
�i′, j′ + (k)�

(i′, j′ )
(i, j)(i′ , j′ )

)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

=
∑

(i, j)(i′, j′ )

2∑
k=1

⎧⎨
⎩

2 − 2 cos
(
�i, j + (k)�

(i, j)
(i, j)(i′ , j′ )

)
cos

(
�i′, j′ + (k)�

(i′, j′ )
(i, j)(i′ , j′ )

)
−

−2 sin
(
�i, j + (k)�

(i, j)
(i, j)(i′ , j′ )

)
sin

(
�i′, j′ + (k)�

(i′, j′ )
(i, j)(i′ , j′ )

)
⎫⎬
⎭

=
∑

(i, j)(i′, j′ )

2∑
k=1

{
2 − 2 cos

(
(�i, j − �i′, j′ ) +

(
(k)�

(i, j)
(i, j)(i′ , j′ )

− (k)�
(i′, j′ )
(i, j)(i′ , j′ )

))}
.
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With angular constants given by (A.3) we get
(
(1)�

(i, j)
(i, j)(i′, j′) − (1)�

(i′, j′)
(i, j)(i′, j′)

) = −π , and(
(2)�

(i, j)
(i, j)(i′, j′) − (2)�

(i′, j′)
(i, j)(i′, j′)

) = +π for each pair of neighbours (i, j) (i′, j′). So

lim
d→0,l0→0

HZ =
∑

(i, j)(i′, j′ )

{[2 − 2 cos((�i, j − �i′, j′ ) − π)] + [2 − 2 cos((�i, j − �i′, j′ ) + π)]}

=
∑

(i, j)(i′, j′ )

2{2 + 2 cos(�i, j − �i′, j′ )} =
∑
(i′, j′ )

{4 + 4 cos(�i, j − �i′, j′ )}.

Taking into account that the energy is scaled in 1
2 kR2 and that the additive constant can

be omitted from the Hamiltonian a factor JZ = −4 · 1
2 kR2 characterizing the strength of the

interaction can be introduced, consequently the potential is:

lim
d→0,l0→0

HZ = −JZ

∑
(i′, j′ )

cos(�i, j − �i′, j′ ). (A.8)

This result corresponds to the Hamiltonian (A.7) of the Potts clock model (without
chirality) with anti-ferromagnetic interaction constant JZ < 0. It means that the Zeeman-
crystal model defined in figure 2 includes the anti-ferromagnetic clock model as a limit of
d → 0 and l0 → 0.

However, with the proper change of the wiring of the crystal shown in figure 2 the
ferromagnetic case can be also reproduced. Let us investigate the wiring shown in figure 5,
where in the ground state the big and small black mounting points of the strings are horizontally
connected to those with the same size and colour of their neighbours; grey points are vertically
connected in a similar way.

For this wiring the angular constants are:

(1)�
(i, j)
(i, j)(i, j+1)

= 0 (1)�
(i, j+1)
(i, j)(i, j+1)

= 0 (2)�
(i, j)
(i, j)(i, j+1)

= π (2)�
(i, j+1)
(i, j)(i, j+1)

= π

(1)�
(i, j)
(i, j)(i, j−1)

= π (1)�
(i, j−1)
(i, j)(i, j−1)

= π (2)�
(i, j)
(i, j)(i, j−1)

= 0 (2)�
(i, j−1)
(i, j)(i, j−1)

= 0

(1)�
(i, j)
(i, j)(i−1, j)

= π

2
(1)�

(i−1, j)
(i, j)(i−1, j)

= π

2
(2)�

(i, j)
(i, j)(i−1, j)

= 3π

2
(2)�

(i−1, j)
(i, j)(i−1, j)

= 3π

2

(1)�
(i, j)
(i, j)(i+1, j)

= 3π

2
(1)�

(i+1, j)
(i, j)(i+1, j) = 3π

2
(2)�

(i, j)
(i, j)(i+1, j)

= π

2
(2)�

(i+1, j)
(i, j)(i+1, j) = π

2

(A.9)

Using these constants and applying d → 0 and l0 → 0 with the method used previously
we get:

lim
d→0,l0→0

HZ =
∑

(i, j)(i′, j′ )

2∑
k=1

{
2 − 2 cos

(
(�i, j − �i′, j′ ) +

(
(k)�

(i, j)
(i, j)(i′ , j′ )

− (k)�
(i′, j′ )
(i, j)(i′ , j′ )

))}
.

With the angular constants
(
(k)�

(i, j)
(i, j)(i′, j′) − (k)�

(i′, j′)
(i, j)(i′, j′)

) = 0 (A.9) for each pair (i, j) (i′, j′)
the Hamiltonian can be simplified to:

lim
d→0,l0→0

HZ =
∑

(i, j)(i′, j′ )

2∑
k=1

{2 − 2 cos((�i, j − �i′, j′ ) + 0)} =
∑
(i′, j′ )

2{2 − 2 cos(�i, j − �i′, j′ )}.

Omitting the additional value and introducing the strength factor JZ = 4 · 1
2 kR2 we obtain

as previously:

lim
d→0,l0→0

HZ = −JZ

∑
(i, j)(i′, j′ )

cos(�i, j − �i′, j′ ). (A.10)

This result corresponds to the Hamiltonian (A.7) with ferromagnetic interaction constant
JZ > 0. So the Zeeman-crystal model defined in figure 5 includes the ferromagnetic clock
model as a limit of d → 0 and l0 → 0.
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[1] Nagy P and Tasnádi P 2013 Chaotic properties and complex behaviour of generalized Zeeman
model http://csodafizika.hu/zeeman
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