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Abstract 

Many high school students interested in physics plan to become engineers. Teaching them 
important and interesting phenomena is difficult, however, without invoking complicated, 
high-level mathematics. Similarity modeling gives us a chance to use mathematically simple 
physical considerations to analyze questions in elasticity or fluid mechanics – from crossbar 
bending to power consumption of airplanes. These examples show how the exciting method of 
dimensional analysis helps the students to develop physical insights which could be beneficial 
in their future profession.  
 
Motivation 

Natural sciences are becoming less and less popular among Hungarian students, a tendency 
which does not differ from what we see at the international level. This trend has evoked 
various reactions. In order to attract attention, the physics lessons must be made more 
interesting and useful with new ideas, topics and methods. One way to achieve this is similarity 
modeling, i.e. using simple down-scaled models. Modeling is an exciting game, when building 
e. g. little toy ships, which also helps understanding physics. Why not incorporate these little 
games in physics lessons? 
 
In the practical realization, it was important that I did not try to form my students’ interests; 
instead, I served them by fitting my approach to their existing, natural interests. I am lucky 
enough to have the opportunity to give extra lessons to the students interested in physics, and 
in the course of these lessons I have the freedom of choosing the topics. Every group is 
different; therefore it is always worth selecting new topics and methods. Two years ago I taught 
a group whose members showed great interest in physics as science, and we had the chance to 
study pure physical phenomena, e.g. the movement of the pendulum, Kepler’s laws and the 
Stefan-Boltzmann law, by using the method of dimensional analysis, By now, these students 
have started their higher educational studies at various European universities. 
 
The majority of the students in my present groups want to become engineers and show great 
interest in the above-mentioned topics. This gave me the idea that I should introduce the laws 
of physics by means of dimensional analysis through topics that constitute some major parts of 
the engineering profession.  
 
Dimensional analysis is routinely used to check the plausibility of derived equations and 
computations. It can, however, also be used to form reasonable hypotheses about complex 
physical situations that can be tested by experiment or by more developed theories of the 
phenomena, and to categorize types of physical quantities and units based on their relations to 
or dependence on other units, or their dimensions if any. 
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Mechanical modeling 

Some of my students would like to study civil engineering, while others want to have designing 
as their chosen profession. We decided to study both static and dynamic issues of modeling. 
Static modeling plays a significant role in the work of material scientists and engineers. It is 
crucial in the analysis of the properties of new materials and when predicting the behavior of 
new structures. The properties of new materials, i.e. ductility, fracture toughness, etc., are 
obviously tested on relatively small-scale models, and conclusions are drawn on the behavior 
of the materials.  

 
Modeling can be useful in the industry, primarily when rather complicated calculations must be 
verified, lest the deficiencies of the design should come to light only after the construction of a 
huge and expensive prototype. Consequently, engineers can save money and time as well. But 
what rules should be taken into account so that a tiny wooden model of a bridge could 
forecast the behavior of a costly built steel bridge? These issues must be interesting for a 
layman, too, let alone someone who wants to become a civil engineer. 

  
Figure 1.: What rules must be observed when modeling complicated structures? 

 
Modeling even simple structures such as the deflection of bars or bindings etc., is not a trivial 
process. Accordingly, it is not easy to say which force must be used on a model bridge during 
the modeling to reach the behavior of the real size bridge.  

 
Before dealing with engineering issues, first, it is crucial that the students be familiar with some 
purely physics-related questions and terms, many of which are not incorporated in the 
compulsory syllabus. Such topics and methods include Hooke’s law, the writing of forces in 
components, and the meaning of Young’s modulus. When considering these fundamentals, it 
is worth applying the method of dimensional analyses, whose mathematical aspects are easily 
understandable for all high school students.  
 
We are going to discuss the modeling of a mast of a sailing 
boat. The mast project: consist of building a not too small 
toy ship, let call it our first prototype (see Fig. 2.). Our plan 
is more complicated than it seems. Which materials or 
components shall we use? We should test our components 
before building our toy ship! Building a whole small-scale 
model of our toy ship can be rather complicated, so we 
decided to study only a part of the model. Naturally, we 
would not like to spend a lot on the construction of the ship, 
so we have to use the cheapest suitable materials. The mast 
is one important part. It must be strong but light. Because of 
the other available components, the mast, say, must be 80 
cm long and 8 mm in diameter and it is to withstand a force 
of 10N. Our question is whether a cheaper mast made 

 
Figure 2.: The toy ship we 

are to build, our first 

prototype. 
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of aluminum would be enough or should we buy an expensive one made of titanium. How 
can we decide? It is sufficient to test a cheap wooden mast, instead of the more expensive 
aluminum or titanium mast. But then the question arises: how to construct faithful models? 
 
The essence of the modeling approach 

 

First of all, let's take a look at a simple example: that of the pendulum. What conclusions can 
we draw from the case of two geometrically similar movements of pendulums – where the ratio 
of the deflection and the length of the pendulum are the same? What kind of relations can we 
discover between the periods of the pendulums? 
 
Let the length of one of the pendulums – the model – be lm, while the length of the other - the 
prototype - is lp. The angle of the initial deflection is assumed in both cases to be φ. The ratio 
of the lengths is lp/lm=k, which is called the similarity - or aspect - ratio. The deflection can be 
determined by the given length of the pendulum and the angle of the deflection. The period of 
the pendulums can be established by the method of dimensional analysis giving  

   
Figure 3.: Pendulums with different lenghts. m: model, p: prototype. 

 
)(/ ϕfglT mm ⋅= and )(/ ϕfglT pp ⋅= , where )(ϕf  has the value of approximately 2π for 

small deflections. The ratio of these periods depends on the lengths as: 
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This means, once we have tried a pendulum with a deflection angle φ at a given point of the 
Earth, we have already made a model for every other pendulum with the same deflection 
angle. So we can also predict the period of a huge pendulum that we are unable to build, due 
to the lack of a very long ladder for a high hanging point. By this simple example we can see 
how the use of geometrical similarity helps us to predict the behavior of large-scale prototypes. 
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But the question is raised: which general rules did we use in the analysis of the pendulums and 
can we apply them to the case of the mast project?  
 
1. Geometrical similarity[1],[2]: the prototype and the model are chosen to be geometrically 
similar, which means that the geometrical characteristics have the same aspect ratios. 
 

 
Figure 4.: Geometrically similar bending configuration of two (m: model, p: prototype) 

masts. 

 
Let Lm and rm be the length and the radius of the model mast, respectively let Ym denote its 
deflection. Let Lp and rp be the length and the radius of the bigger prototype mast, respectively 
let Yp denote its deflection. The ratio of these physical quantities between the model and the 
prototype is constant: k, which is called the aspect ratio of the similarity.  
 

(3) 
 
 
2. Dynamical similarity[1],[2]: The condition that the prototype and the model have the same 
behavior implies that the ratios of the corresponding components of the forces should be the 
same.  

  
Figure 5.: Forces in the model and in the prototype. m: model, p: prototype. 

 
Given the geometrical similarity, the dynamical similarity implies: 
 

TmRmmTpRpp FFFFFF :::: = .          (4) 

In this case FR is the radial force and FT is the tangential force that arises in the mast, which 
originates from the elastic deformation of the mast. In the loaded mast that we observe, the 
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length of the midline does not change. But that does not mean that there is no radial 
component of the emerging force! Above the midline the mast gets longer, under the midline it 
will be shorter. These deformations will generate a radial and a tangential force component! Fp 
is the force what we apply on the prototype – in our case Fp=10N. Fm is the unknown force to 
apply on the model mast to get the same behavior as the prototype - e.g. the same deflection 
angle.  
 
In our example, in which we would like to model the behavior of the prototype at a given load, 
the ratio of the forces clearly plays a crucial role. If the ratio of the forces was different, it would 
mean a totally different deflection – for example: if the deflection was bigger, the radial force 
would be also bigger, while the tangential force would be smaller. 
 
Dimensional help in the mast project 

 

In order to describe the period of the two pendulums we used the condition that the initial 
deflection angle of the two pendulums are the same, which means, that the systems were 
described by means of some common nondimensional quantity. Since the deflection angle is 
independent of the sizes, it is a well defined typical parameter of the model and of the 
prototype! Let us therefore introduce the deflection angle φ for the mast project as well.  As 
Fig. 4. And 5. indicates : 
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Figure 6.: Rightangled triangles made of forces 

 
If the deflection angles are the same, from the triangles of Figure 6., we can write: 
  

mRmmppRp FFFF :)(sin)(sin: === ϕϕ    (6) 

 
The formula for the elastic force FR is taught in the high school in the following form: 

xDFR ⋅−=  [3]. But as the constant D and deformation x are typical quantities of a single 
body, these quantities are not very useful for elastic bodies. In similarity modeling we work 
with bodies of different sizes or even different materials. That is why it would be more useful to 
work with quantities which are independent of size. The physical quantities that we can use are 
the Young-modulus - a material constant -, and the strain which is independent of size. But if 
we want to use these quantities, we have to teach the other form of Hooke’s law: 

ε⋅⋅= AEFR , [3]       (7) 
where E is the Young-modulus of the given material,  A is the cross section, ε is the strain.  It is 
not very hard to convince the students that the above expression is the same as the spring 
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law, xDFR ⋅−= , if we imagine the spring as an elastic (rubber) string.  Using equations (6) and 
(7) we find:  
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We don’t know what size of deflection angle Fm will cause or how big Fm is, all we know is that 
if we apply the right amount of force on the model it will result in the same deflection angle as 
Fp=10N at the prototype. 
 
In order to calculate Fm , we use some basic 
mathematics and some approximations! As 
we see in Figure 7., the unloaded mast and 
the loaded mast form a rightangled triangle 
in a good approximantion, and we can use 
the Pythagoras theorem. Indexing in Figure 
7. is not needed because the model and 
the prototype are geometricaly same. That 
is why we have: 
 

 
 

 
Figure 7.: Loaded and unloaded masts: 
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Neglecting the quadratically small term, ∆L2, and rearranging the above equation, we find: 
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Using now the geometrical similarity, one obtains: 
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The meaning of the above relationship is that the strains of the model and the prototype are 
the same – as a result of both geometrical and dynamical similarity! To get the necessary force 
for the model Fm we combine equations (8) and (11) to arrive at: 
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In order to have the corresponding behavior in the model mast, we have to plug in - Fp=10N, 
and from measuring: Ep, aluminum=69GPa, Em, wood=14,6GPa, rp=4mm, rm=2mm, Lp=80cm, 
Lm=40cm and Lp/Lm=k=2 -, and we find that we must apply Fm=0,53N force in the model. 
Equation (12) shows us the possibility that we can make geometrically similar models of 
different materials – while applying the right forces. In the perspective of financial efficiency of 
a designing process equation (12) is more than useful. 
 
What deflection Yp do we expect in the real prototype? We measure the deflection and the 
length of the mast and then we can calculate the deflection angle from our results. We can 
predict the deflection of our prototype if we know the deflection of the loaded mast. By 
rearranging equations (8) and (10):  
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Consequently: 
kYY mp ⋅=       (13) 

 
The result appears to be plausible! But we cannot forget that to reach this equation we had to 
apply the right force Fm! All we have to do is to measure the deflection of the model – caused 
by the right force -, and to multiply it by the similarity ratio, and we get the deflection of the 
prototype! 
 
Measurements and results 

 

Our model is a wooden stick with the length Lm=40cm, and radius rm=2mm. You can buy it in 
every do-it-yourself store for 20cents. Of course we have also bought the aluminum prototype 
stick, so that we could test our result with a measurement. Its parameters are: Lp=80cm and 
rp=4mm. I measured the Young-modulus before the project started and provided the values 
Em,wood=14,6GPa and Ep,aluminum=69GPa. 
To measure Young-modulus the teachers can use  the 
following formula: 
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where F is the applied force, L is the length of a stick, E is the 
Young-modulus of the material, I is the second moment of 
area. This I is for a circular cross section of radius R: 
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In order to understand the meaning of the second moment of 
area, kids should have some higher level mathematical 
knowledge. That means that using equation (14) is 
recommended for teachers only. 
  

 
 

 
Figure 8.: The measuring. 

 
In our experimental setup we used the so called “fast clamps”, and could fix the sticks in 
horizontal position. It is important to mention when the precision of the measurement is 
discussed that the observed sticks have a deflection caused by their own weight. We have 
measured deflections always twice: once upward and once downward and then we used the 
average of the deflections. So we could compensate the effect of gravity. From the 
measurements the average deflection of the model with Fm=0,53N was Ym=6cm. Through the 
similarity modeling result equation (i.), the deflection of the prototype is expected to be: 
Yp=Ym˙k (in our case k=2): 

Yp=12cm. 

 
The deflection in control measurement was obtained as: 

 
Yp=13,5cm. 
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The difference between the calculated deflection and the measured deflection of the prototype 
is not large, but it is worth analyzing it with the students. The difference could be caused by the 
inaccuracy of the values of the measurement, of the fixing of the “fast clamps” and the slight 
inhomogeneity of our wooden stick. 
 
Results of the „mast” project 

 

Although the results did not correspond exactly to the measured deflection values of the 
prototype, the difference was not significant; it was surely within the acceptable order of 
magnitude. As for the answer of the original question (will the cheap mast made of aluminum 
suit our needs), unfortunately, we must say no, as the 10 N force to be expected would cause 
a 15 cm bend, which does not seem acceptable in the case of such a construction. 
Naturally, when dealing with simple shapes, the procedure we used can be easily generalized 
using equation (14) and finding the value of the second moment of area in books. In this case, 
we do not actually have to understand their meanings, either. In real life, however, the cross-
section of a pole might be more complex, like that of the one in Figure 9. The value of our 
exercise is that we demonstrate to the students that to predict the behavior of such masts, we 
need nothing but a model made of wood or of some cheap metal. 
 

 
 

Figure 9.: Different cross-sections of various sticks. 
 
Ideas for further modeling 

 

Practically, all material on fluid dynamics has been left out of the compulsory curriculum in 
Hungary. This gap, however, can be filled by building models of ships, submarines and 
airplanes. To understand the rules of these modeling processes, it is important to become 
familiar with some notions of hydro- and aerodynamics, such as streamlines, Bernoulli’s 
principle, Reynold’s number, etc. Obviously, to be able to work efficiently with these ideas, we 
use the method of dimensional analysis instead of complex mathematical calculations. My 
students got to know the idea of dynamic modeling by studying a small model of an airplane. 
 

   
Figure 10.: Models of a ship, a submarine and an airplane 

 
To make the problems of dynamics realistic, we raised a simple question: would the engines of 
two Lada 1200 automobiles be enough for a Spitfire airplane to take off?  
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Figure 11.: Is this a realistic idea? 

 
The original properties of the model we used: wingspan: 876 mm, engine performance: 120 
W. We assume that the shape and density of the model are in accordance with those of the 
real-life aircraft. The speed of the model and the prototype are also crucial. It is important to 
perform measurements, so that we would get to know as many parameters as possible, and 
then it is worth placing the flows defining the movement of the airplane in the center of our 
investigation.  
It would take too much space to describe this second project, let me just say that, similarly to 
the mast project, we could study a number of interesting and exciting phenomenan and 
obtained insight into such aspects of the physics of dynamics which would be unattainable by 
the usual high-school approaches. I hope that many readers have become interested also in 
this topic and try to make further steps in high school modeling. 
 
Benefits of the chosen topics, conclusion 

We hope that the topic of modeling can be useful, as we can get an insight into the work of 
engineers as well as study various areas of physics, conduct experiments and perform 
measurements. What usually happens in the course of modeling, our models might get partly 
or completely damaged, which means that we could see the benefits of modeling in our own 
purse! In general, we believe that everyday life topics involving experiments and 
measurements, can make getting familiar with higher level physics more colorful and 
interesting. As it is impossible to cover all the topics at the same time, first, it was my intention 
to satisfy the interests of those who want to become engineers, while in the future, in 
accordance with the sphere of interest of those whose dream is to become doctors, we are 
going to discuss some biophysical topics.  
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